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Abstract

We establish a rigorous mathematical framework for the spontaneous formation of stable structures
through the universal principle of energy minimization in multi-interaction systems. Within this
formulation, each subsystem contributes to a collective energy function E(x) composed of bounded,
weakly nonlinear interaction terms. By proving the strictly positive definiteness of the Hessian and the
existence of a unique critical point ¢, satisfying VE(Q.) = 0, we demonstrate that the system converges
globally to this equilibrium via gradient-flow dynamics. Local and global stability are verified analytically
through Lyapunov functions and LaSalle’s Invariance Principle under the assumptions of uniform strong
convexity and coercivity. The resulting equilibrium represents a spontaneously formed structure that
minimizes the total energy of the interacting fields. Extending beyond reaction-diffusion theory, the
proposed framework unifies the energetic mechanisms of self-organization observed across physics,
chemistry, and biology. As an illustrative application, the spontaneous assembly of lipid bilayers is
interpreted as the natural descent toward a unique global energy minimum, providing a quantitative
bridge between thermodynamic stability and dynamic self-organization. This study thus establishes
energy minimization as a universal law governing the emergence, persistence, and stability of complex
structures in nonlinear systems.

Keywords: Morphogenesis, Reaction-diffusion systems, Pattern formation, Self-organization,
Interacting forces

1. Introduction

Life abounds with countless forms and patterns that characterize the immense diversity of
organisms around us. The complexity of these patterns—whether in the morphology of individual
organisms or within entire ecosystems—has intrigued scientists for decades. Understanding how
such biological forms and patterns arise has long been a central question in developmental biology.
In 1952, Alan Turing established the mathematical foundation of morphogenesis in his seminal work
“The Chemical Basis of Morphogenesis” [1]. He introduced the reaction—diffusion model, proposing
that spatial concentration differences among interacting chemical species could spontaneously give
rise to ordered structures such as stripes or spots. This concept offered an elegant explanation for a
wide range of natural patterning phenomena. Building on Turing’s insight, Gierer and Meinhardt [2]
formulated the local-activation—lateral-inhibition model, clarifying the self-organizing logic of early
embryonic patterning. Later, Oster and Murray [3] extended these frameworks by incorporating
mechanical forces into morphogenetic theory, thereby linking chemical and physical interactions
within tissues. This integration represented a major step toward realistic, multiscale models of
biological form. In the late 20* and early 21* centuries, Kondo and Miura [4] demonstrated the
applicability of reaction—diffusion principles to living systems, notably in pigment patterning of
fish skin. Further experimental studies on zebrafish confirmed these models iz vivo [5,6]. These

This article is originally published by ProBiologists, and is freely available at probiologists.com

Neurosci Chron. 2025;5(1):28-40.

28



Citation: Inage S. Energetic principles of stable structure formation: A general framework for self-organization in complex systems. Neurosci Chron.

2025;5(1):28-40.

works solidified Turing patterns as a core paradigm in developmental
biology. Advances in computation have since enabled quantitative
simulations of morphogenesis. Numerical methods and high-
performance modeling have expanded the predictive capability of
reaction—diffusion systems, revealing complex pattern transitions
and multistable states [7]. At the same time, theoretical reviews such
as Kondo [8] highlighted that real biological pattern formation often
exceeds the scope of traditional two-component systems, requiring
integration of genetic, mechanical, and environmental factors. While
Turing’s framework successfully explains spontaneous symmetry
breaking in simple chemical systems, real biological organization
typically arises from multiple simultaneously interacting forces—
chemical, mechanical, and dynamical. Examples include mechanical
feedback between cells and extracellular matrices, chemomechanical
coupling in tissue morphogenesis, and the influence of stochastic
fluctuations or “biological noise” on developmental trajectories [9—
11]. These phenomena imply that structure formation results not
from a single reaction—diffusion pair but from the balance among
diverse competing fields. The present study therefore advances a
general energetic-minimization framework that transcends reaction—
diffusion theory. Here, structural formation is viewed as an emergent
outcome of energy minimization under multiple interacting
constraints. Each subsystem—or “force field”—contributes to an
effective potential, and the equilibrium configuration corresponds
to the global minimum of this collective energy landscape. Before
the formal mathematical development, the system’s essence can be
intuitively understood through a physical analogy: a ball rolling
down a complex energy surface. Each coordinate represents a
possible configuration, while the slope corresponds to the gradient of
potential energy. The ball naturally moves downhill until it reaches
the lowest valley—where energy is minimized and the configuration
becomes stable. The basin of attraction delineates the range of initial
states that converge to this equilibrium. This image captures the core
principle of the present theory: spontancous structure formation
arises inevitably from the minimization of total energy across
interacting forces. Building on the above context, this paper provides
a two-stage theoretical proof and a unified physical interpretation of
self-organization driven by energetic minimization:

1) Linear regime —local stability: Chapter 2 formulates a system
governed by linear interactions and a convex quadratic energy
function. It proves that the Hessian matrix is strictly positive
definite, ensuring convexity and thus local stability of the
equilibrium x,. Using a Lyapunov function, it demonstrates
monotonic convergence of all trajectories within the local
basin toward Xg.

2) Nonlinear regime - global convergence: Chapter 3
generalizes the analysis to a nonlinear energy landscape,
incorporating  higher-order Through
Gerschgorin’s circle theorem [12] and LaSalle’s invariance
principle [13], it shows that, under specified constraints, the
system retains global convexity and every trajectory converges
uniquely to the global energy minimum x,.

coupling  terms.

3) Unified framework and implication: Together, these
results establish a universal principle: stable structure
formation is a natural consequence of energy minimization
in multi-interaction systems. This principle applies equally to
physical, chemical, and biological morphogenesis—linking
molecular self-assembly, cellular patterning, and large-scale

developmental organization within a single theoretical
landscape.

2. Proposition and Its Proof (Linear Case)

This section rigorously demonstrates the spontaneous formation
of stable structures in a system of multiple linear interactions governed
by an energy minimization principle. By analyzing the convexity
of the energy functional and the strictly positive definiteness
of its Hessian, we establish both the existence and stability of an
equilibrium point. The proof is structured around classical results
from convex optimization and Lyapunov stability theory [14,15].

2.1 Assumptions for the proof

1) Linear interaction functions: Let Q c R"b be the state
space of the system, where 7 independent linear interactions A;(x)

are defined:
n
AL(X):Z a”x]+bl,l=1,,m (])
j=1

where a;;,b; ER are constants. Fach A;(x) is linear,
continuously differentiable, and Lipschitz continuous in x.

2) Energy function: Define the total energy function E(x) as:

E() =5 Y, ki(Ai(x) = Aig)? k; > 0. 2
Let A(x) = [A1(x), .., A ()17, A = [A1g) +rAmo]”, and
K = diag(kq, ..., k) > 0.

Then E(x) can be written compactly as:
E(x) = 5 (A(x) — A) K (A(x) — Ap). 3)

This quadratic form guarantees that E(x) is twice continuously
differentiable and convex.

3) Gradient and hessian: Since A(x) = Ax + b, where
A = [ay],
VE(x) = ATK(Ax + b — Ay), (4)
VZE(x) = ATKA=H. (5)
The Hessian H is constant, symmetric, and positive semi-

definite. If A has full column rank (rank(4) = 7), then H > 0,
ensuring strict convexity and a unique global minimizer x,.

4) System dynamics: The temporal evolution of the system
follows the gradient flow:

dx
- =~ VE(0). (6)

This differential equation describes a gradient descent flow
representing a physical relaxation toward energy minimization.

5) Lyapunov function: Define the Lyapunov candidate
function:

V(x) = E(x) — E(xo), @)
where x, satisfies VE (x,) = 0.

The time derivative is:

V(x) =VE(x) % =— || VE(x) I?< 0. ®)

Thus, V(x) is strictly positive definite, and V(x) is negative
semi-definite.

Under strict convexity (H >0), V(x) >0 only at x,,
establishing global asymptotic stability.
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2.2 Proof

Proposition: If there exists xy € & such that VE(xy) =0
and the Hessian H = ATKA is strictly positive definite, then the
system converges globally to Xy, and a spontaneous stable structure
is formed at this equilibrium.

Step 1: Stationary point condition
At equilibrium,
VE(xo) = ATK(Axo + b — Ag) = 0. )

Since H = ATKA > 0, this critical point is the unique global
minimum of E(x).

For any perturbation 6x = x — x;:

E(x) — E(xo) = 5 6xTH 8x > Ofor all 8x # 0. (10)

Step 2: Energy variation

Using the second-order Taylor expansion:

E(x) = E(xo) + 5 6xTH 6x + o(ll 8x I). (11)

As H > 0, E(x) increases quadratically with Il 6x II; hence the
equilibrium X is locally (and globally) stable.

Step 3: Eigen-decomposition interpretation

Let H = QAQT, where A = diag(4,,..,4,) with 2; > 0.
Here, Q. denotes the equilibrium (critical) point of the system,
defined by the stationary condition VE(Q.) = 0. The deviation
from equilibrium is defined as §x = x — Q; at the equilibrium
itself, 6x = 0.

Thus, the condition x = Q. (or equivalently §x = 0) identifies
the spontaneously formed stable structure.

In the eigenbasis coordinates corresponding to Q, we have
1@n
AE =137 ik (12)

Hence, all perturbations increase the energy, confirming
convexity and stability of the equilibrium.

Step 4: Dynamic convergence

The system follows the gradient flow:

&= —ATK(Ax + b — Ay). (13)

The solution converges exponentially to Xy, since the linearized
dynamics near equilibrium are:

aidx) _
T =—H 6x, (14)

whose eigenvalues are —A; < 0. Hence, X(t) converges
exponentially to xg as t = oo.

Step 5: Lyapunov stability

For V(x) = E(x) — E(xo):

V(x) = — I VE(x) I?= — (Ax + b — A))TKAATK(Ax + b — Ag) < 0. (15)

Because H = ATKA > 0, the right-hand  side is strictly
negative for all x # x;, confirming that the equilibrium is globally
asymptotically stable. Since E(X) is radially unbounded (i.e.,
E(x) » o as || x ][> o), all trajectories remain bounded, and
LaSalle’s invariance principle ensures global asymptotic convergence
to Xo.

2.3 Interpretation and summary

This proof demonstrates that, in_a linear multi-interaction
system, the energy landscape E(x) = 5(@Ax+b- A)TK(Ax + b — Ag)
is strictly convex when A is full-rank and k > 0. Consequently, the
system possesses a unique global energy minimum x that represents
a spontaneously stable configuration. The gradient-flow dynamics
guarantee monotonic energy descent, while the Lyapunov framework
rigorously ensures global stability.

Figure 1 summarizes the schematic representation:

— Linear interaction functions 4;(x) define the system.

— The energy function E(x) forms a convex quadratic potential.
— The Hessian H = ATKA is strictly positive definite.

— Gradient dynamics * = —VE(x) ensure monotonic energy descent.

Figure 1. Schematic representation of energy-minimizing structural formation. Conceptual illustration showing how local interactions among
subsystems collectively drive the system toward a globally minimized energy configuration. Arrows indicate gradient-flow directions leading to the

equilibrium state x.
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— The Lyapunov function V(x)=E(x)—E(x,) confirms

convergence to the unique equilibrium x;.

Collectively, these findings demonstrate that spontaneous
structural stabilization naturally emerges from energy minimization
under coupled linear interactions.

3. Proposition and Its Proof (Nonlinear Case)

The linear model presented in Chapter 2 provides a foundational
understanding of stable structure formation. However, many real-
world systems exhibit complex dynamics influenced by nonlinear
interactions. To address this, this chapter extends the theoretical
framework to incorporate nonlinear energy functions, aiming
to establish global stability and convergence to a unique stable
structure. The primary challenge lies in rigorously demonstrating the
strictly positive definiteness of the Hessian matrix and, consequently,
the strict convexity of the energy function in the presence of these
nonlinear terms. To achieve this, the existence of a unique global
energy minimum is targeted. For this minimum point to exist and
yield a stable structure, two primary conditions must be satisfied:
First Condition (Critical Point): At x,, the gradient of the energy
function must vanish, i.e., VE(x,) = 0. Second Condition (Strictly
positive definiteness of the Hessian Matrix): The Hessian matrix
H(xy) at the energy minimum must be strictly positive definite.
This condition ensures that the energy minimum point is locally
stable [2,16]. Furthermore, by introducing a Lyapunov function
and employing LaSalle’s Invariance Principle, this chapter establishes
that all trajectories of the system, regardless of initial conditions,
converge to the unique equilibrium corresponding to the global
energy minimum, provided that Assumptions (U) (Uniform Strong
Convexity) and (C) (Coercivity) hold. The influence of nonlinear
terms on the stability of the system is also examined, demonstrating
that their contribution, under specific constraints, is primarily limited
to higher-order effects and does not compromise overall stability.
This expanded framework provides a comprehensive proof of global
stability for systems with nonlinear interactions, complementing
and extending the insights gained in the previous chapter.

3.1 Definition of the energy function

We extend the interaction terms A4;(x) to include quadratic
nonlinearities. While more complex nonlinearities exist, focusing
on these quadratic terms allows for analytical tractabilicy while
still capturing essential aspects of self-regulatory or self-enhancing/
inhibiting effects within components.

Assumption 6: The nonlinear interaction terms A4;(x) are given

by: N
M) =) (@ +eyaf) b (16)
-

where a;;and b; are constants, and ¢;; are coefficients of the
nonlinear terms. We specifically assume that ¢;; =0 for i#j,
meaning only quadratic terms involving a single variable are present
(i.e., c;;x?). This simplifying assumption is valid in systems where
higher-order interactions primarily manifest as self-regulatory or self-
enhancing/inhibiting effects, rather than complex cross-component
feedback loops. It allows for a clearer analytical treatment of the
influence of individual component nonlinearities on the overall
system stability. Future work will explore more general forms of
cross-term nonlinearities. The proposed nonlinear energy function
E(x) is defined consistently with the linear case:

E(x) = % Y ki(Ai(x) — Ay)?. (17)

where k; > 0 are positive constants that adjust the contribution
of each interaction A;(x), and 4;o represents a reference value that
provides the reference position for the system to achieve its energy
minimum [13-15].

3.2 Verification of the strictly positive definiteness of the
hessian matrix

To establish the stable structure of the system, it is necessary
to demonstrate that the minimum point x4 of the energy function
E (x) is a stable equilibrium point, meaning that the energy increases
in the vicinity of xg. This also implies the strict convexity of E(x),
which is crucial for guaranteeing a unique global minimum. To
verify this, we construct the Hessian matrix H(x) of the energy
function E(x) and prove that this matrix is strictly positive definite:

9°E
Hiw = dxy 0x;"

(18)

The Hessian matrix represents the curvature of the energy
function. If the Hessian matrix H(x) is strictly positive definite for
all x in the domain of interest (meaning that all its eigenvalues are
positive), then the energy function E(x) is strictly convex. A strictly
convex function has a unique global minimum, and energy increases
in its vicinity, guaranteeing a stable structure.

Footnote: Note 1: The indices Cijs Ciks and ¢;; refer to the
same class of nonlinear self-interaction coefficients. Under the
simplifying assumption ¢;; = 0 for i # j, only diagonal terms cy;
remain effective. Therefore, Cik appears in derivative expressions
for mathematical generality, while physically it represents the self-
nonlinearity coefficient c;;.

3.2.1 Calculation of the hessian matrix of the energy
function: The energy function is given by Eq. (16). The first-order
partial derivative with respect to Xy is

0E _ m 04;
=) A0~ A) (19)
Given that
n
Ai(x) = Z , 1(aijxj +cuxf i) + by,
i=

and under the assumption ¢;; =0 for i #j (i.e., only self-
quadratic terms are present), we have

a4;
9, = Qi T 2CuXiOye, (20)
924, . . 0%4;
Py 2¢;i6ixOi1,in partlcular,m =0 fork #1, (21)
3%4;
o2 = 2Cii6ik' (22)
‘ 9%E

Using (19)—(22), the Hessian entries Hj(x) =
obtained as

m

Hy(x) = 22 kil(ai + 2ciix;6c) (@ + 2¢52:64) + (Ai(x) — Aig)2¢4: 6161
=

The diagonal components are given by

Hjge (x) = 2 221 kil (au + 2exi6u)® + (Ai(x) — Aig)2¢uu]. (23)

- are
0xy, 0x;

Since 8;; = 1 only when i = k, this may be expanded explicitly
as
Hye = ZZ kiaf + e CracXyc + e Cfiexf + ey (Ax = Aro)-
7

To guarantee strictly positive definiteness via a verifiable
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sufficient condition, we impose strict diagonal dominance (together
with symmetry) rather than comparing only the two diagonal terms:

Condition 7 (Strict diagonal dominance for a symmetric
Hessian)

For all x and all &,
Hie(¥) > X0 Hia () 1. (24)

Since H(x) is real and symmetric by construction, condition
(24) ensures H(x) > 0 (Levy—Desplanques theorem), guaranteeing
local strong convexity around the point of interest.

The off-diagonal components are given by
Hy(x) =2 Z:ilki(aik + 2ciix;6p) (an + 2¢x:64), k # 1, (25)

because the mixed second-derivative term in Eq.(21) vanishes
unless k = 1.

Expanded form:
Hy = ZZ[kiaika” + 4k xag + 4kieyxagl, k # 1.

Remarki

Egs (23)—(25) provide all Hessian entries in closed form with
correct index handling. Condition (24) serves as a sufficient (though
not necessary) test for strictly positive definiteness; it improves
upon prior diagonal-only criteria by directly constraining the
entire symmetric matrix through a holistic, structure-compatible
formulation.

Remark (Scope and limitation of nonlinearity)

In the present formulation, the nonlinear interaction terms are
restricted to self-regulatory components, ¢;; =0 for i # j. This
assumption ensures analytical tractability and preserves the diagonal-
dominant structure of the Hessian matrix, which in turn guarantees
convexity and a unique global minimizer of the energy function.
Physically, this corresponds to systems in which nonlinear effects
act primarily as self-stabilizing or self-inhibiting mechanisms within
individual subsystems rather than as cross-couplings between them.
Nevertheless, many real physical, chemical, and biological systems
exhibit cooperative or competitive cross-interactions (¢;; # 0) that
may generate richer dynamical behaviors such as multistability or
pattern bifurcations. Extending the present framework to incorporate
these cross-nonlinearities represents a natural and important
direction for future work. Such an extension would generalize the
convexity conditions derived here to block-structured Hessians and
allow the theory to describe a broader class of self-organizing systems
beyond purely self-regulatory dynamics.

Footnote.

Note 2: Here, ¢;; denotes the self-nonlinearity coefficient of
component i, and & (Kronecker delta) enforces that only terms
with i = k contribute to the quadratic curvature. This formulation
is equivalent to using ¢y, with the convention ¢y = 0 for i # k,
ensuring full consistency across derivative definitions and Hessian
structure.

3.2.2 Verification of strictly positive definiteness using
gershgorin’s circle theorem: To confirm the strictly positive
definiteness of the Hessian matrix H(x), we bound its eigenvalues
using Gershgorin’s Circle Theorem. For each diagonal entry Hyy, all
eigenvalues 2 of H(x) lie within the disk

[A—Hg | < Zper | Hig 1. (26)

For a real symmetric matrix such as H(x) = H(x)T, all
eigenvalues are real, and these disks degenerate into intervals on
the real axis. If every interval lies entirely in the positive half-line,
then all eigenvalues are positive and H(x) is strictly positive definite.
A sufficient condition ensuring this situation is strict diagonal
dominance together with positive diagonals:

Hy > Yizr | Hg |, Hgg > 0,Vk. (27)

Eq. (27) guarantees that every Gershgorin interval is contained
in (0,00), hence H(x) > 0 and the energy landscape is locally
convex around the point of interest. (This condition coincides with
Condition 7 in Section 3.2.1.) While Gershgorin’s circle theorem
provides a convenient and intuitive sufficient condition for strictly
positive definiteness based on diagonal dominance, it is not a necessary
one. A more rigorous and complete verification can be achieved
using Sylvester’s criterion, which requires that all leading principal
minors of the Hessian matrix be positive. In this study, Gershgorin’s
theorem was adopted for its analytical transparency and geometric
interpretability; however, for numerical analysis or applications to
more complex, high-dimensional systems, it is recommended to
employ Sylvesters criterion in parallel to ensure comprehensive
validation of strictly positive definiteness. It must be emphasized
that diagonal dominance is a sufficient but not necessary criterion
for strictly positive definiteness. Thus, the convexity certified by (27)
is local to the subset of the state space where the inequality holds.
To guarantee global strict convexity, we impose Uniform Strong
Convexity:

V2E(x) > ml,m > 0,Vx, (28)

which in particular implies coercivity, E(x) = 0 as || x [|- oo.
Under Assumption (U), the energy function E(x) possesses a
unique global minimizer x,. Within the admissible range of the
state variables, Condition 7 and the diagonal-dominance relation
ensure that diagonal curvature terms dominate cross-couplings—a
physically intuitive scenario in which self-stabilizing effects outweigh
mutual interactions. Hence, in the region where (27) holds, H(x)
is strictly positive definite and E(x) is locally strongly convex; if in
addition (U) holds, this convexity extends globally and the energy-

minimizing equilibrium is unique.

Illustration (consistent with Section 3.2.1).
A representative diagonal element can be written as

H() = 2) kil + 2¢0 % 80° + U@ — Ay 2c8] Since  k; >0,  positivity
is maintained provided (@ + 2cixx) # 0 over the physically
relevant range of xj. For example, if k; = 1, x, € [-1,1], and
ay, =1 then restricting ¢;; € (—0.5,0.5) ensures Hy, > 0 for all
Xy. Therefore, Condition 7 limits the nonlinear self-coefhicients c;;
so that quadratic nonlinearities remain sufliciently weak to preserve
the positive curvature induced by linear interactions—preventing
multistability or oscillations and ensuring convergence to a unique,
stable equilibrium.

Footnote:

Note.3: c¢; denotes the self-nonlinearity coefficient of
component i. The Kronecker delta 8y, enforces that only terms with
i = k contribute to the quadratic curvature; this is equivalent to
writing i with the convention ¢, = 0 for i # k.
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3.3 Lyapunov function and global convergence analysis

‘This section rigorously establishes the global convergence of the
nonlinear dynamical system * = —VE(x) by employinga Lyapunov-
based framework in conjunction with LaSalle’s Invariance Principle.
Under the dual assumptions of Uniform Strong Convexity (U) and
Coercivity (C), it is demonstrated that all trajectories asymptotically
converge to a unique equilibrium x4, which corresponds to the
global minimum of the energy functional E (x).

Preliminaries for laSalle’s analysis

To formalize the argument, we define the following sets and
relations that form the foundation of LaSalle’s invariance framework:

S={x€R"|E(x) <c}, (29)
V(x) = = VE(x) I?’< 0, (30)
Qo ={x€ESIV(X)=0}={x€S|VE(x)=0}. (31)

These definitions bridge the convexity conditions introduced in
Section 3.2 ((26)—(28)) with the convergence formulation presented
here, ensuring logical and numerical continuity throughout the
theoretical development.

3.3.1 Definition and strictly positive definiteness of the
lyapunov function: To rigorously analyze the convergence behavior
of the system, we define the Lyapunov function V (x) in terms of the
energy function E(x) as:

V(x) = E(x) = E(xo), (32)

where E(x,) denotes the minimum value of E(x) attained at
the unique equilibrium point Xy. As demonstrated in Section 3.2,
the energy function E(x) is locally strongly convex (and globally
strongly convex under Assumption (U)), ensuring that X¢ uniquely
satisfies

VE(xy) = 0,E(x) > E(xg) forall x # x,.

Thus, V(x) measures the “energy distance” from any state X to
the equilibrium X, serving as a natural Lyapunov candidate.

Its fundamental properties are summarized below.
(a) Strictly positive definiteness)
VE (xp) = 0,E(x) > E(x,) forall x # x,. (33)

Since E (x) achieves its global minimum at Xy, it follows directly
that V(x) = 0, and equality holds only when E(x) = E(x,). Hence,
V(x) is strictly positive definite within the convex domain of E (x).
The proof of Lyapunov stability and global convergence presented
here is strictly valid within the strongly convex region defined by
Assumptions (U) and (C). Outside this region, the curvature of
the energy function may become negative, giving rise to multiple
locally stable equilibria or even periodic trajectories. Such behaviors
correspond to bifurcation or multistability phenomena, which lie
beyond the present convex framework and should be investigated in
future work through the analytical tools of bifurcation theory and
perturbation analysis.

(b) Non-Increasing Behavior Over Time)
For trajectories of the system governed by the gradient flow:

== —VE(x), (34)

dt

the time derivative of V(x) satisfies
dV(x)
aw =0 (35)
indicating that V (x) is non-increasing along all system trajectories.
If E (x) further satisfies the coercivity condition (Assumption (C)), all
trajectories remain within bounded sublevel sets of E (x), where V (x)
monotonically decreases until convergence to Xg.

Remark.

'The current proof rigorously guarantees global convergence only
within the strongly convex region defined by Assumptions (U) and
©.

When the convexity condition is violated—namely, when
the smallest eigenvalue of the Hessian crosses zero—the system’s
Jacobian matrix undergoes a qualitative change in its spectral
structure. This transition corresponds to the onset of bifurcation,
where new equilibrium branches, limit cycles, or metastable
states may emerge. From a dynamical-systems perspective, such
transitions can be systematically analyzed using the tools of
bifurcation theory, including Lyapunov—Schmidt reduction and
center-manifold analysis. These approaches would allow the present
energy-minimization framework to be extended beyond the convex
domain, enabling the description of multi-stable energy landscapes
and pattern-forming dynamics driven by local curvature inversions
of E(x). In this sense, the present theory establishes the convex
baseline upon which future bifurcation-based generalizations can be
constructed.

Non-Positivity of the lyapunov function’s time derivative: To
confirm the stability of the equilibrium Xg, we explicitly compute
the time derivative of V (x) along the system’s trajectories. From Eq.
(32),

av (x)
dt

G ECO — EGo)] =57 (36)
since E (xo) is constant in time.

Applying the chain rule gives

=) Z=vE) L (37)
=-VE(0),

dE(x)
dat

Substituting the system dynamics from Eq. (34)

> dt
yields
2ED) _ YE(x)T(=VE(x)) = —Il VE(x) I%. (38)
dt -
Therefore,
O = _I1VE@) IP< 0, (39)

which establishes the non-positivity of the Lyapunov derivative.
This result confirms that V (x) decreases monotonically (or remains
constant only at equilibrium) along every trajectory. Consequently,
the system evolves asymptotically toward Xp, the unique minimum
of E(x). Under Assumption (C), all trajectories are confined within
compact sublevel sets of E(x), ensuring convergence without
divergence or oscillation.

Hence, the non-positivity of V(x) provides a rigorous energetic
foundation for asymptotic stability under the energy-minimization
principle.

Footnote:

Note 4: The Lyapunov analysis builds upon the structure of

Neurosci Chron. 2025;5(1):28-40.

33



Citation: Inage S. Energetic principles of stable structure formation: A general framework for self-organization in complex systems. Neurosci Chron.

2025;5(1):28-40.

the energy function E(x) derived in Sections 3.2.1-3.2.2, where
nonlinear coefficients ¢;; determine the local curvature contributions
via the Hessian H(x). The stability proof here implicitly assumes
the same self-nonlinearity framework (ci = 0 for i # k), ensuring
consistent curvature analysis across all sections.

3.3.3 Application of laSalle’s invariance principle for global
convergence: With V(x) proven to be strictly positive definite (Eq.
(33)) and its time derivative satisfying V(x) < 0 (Eq. (39)), we now
apply LaSalle’s Invariance Principle to establish that all trajectories
asymptotically converge to the unique equilibrium X,. According
to LaSalle’s Invariance Principle, if V(x) is non-increasing along the
trajectories of a dynamical system, then every trajectory converges
to the largest invariant subset M contained within the set where
V(x) = 0. In the present system, this invariant set is obtained as

Q={x€R"|V(x) =0} ={x € R" | -l VE(x) I>= 0} = {x € R" [ VE(x) = 0] (40)

The condition VE(x) = 0 identifies all critical points of the
energy function E(x). Because E(x) is locally strongly convex (as
proven in Section 3.2.2), this equation holds only at the unique
equilibrium xg. Therefore, the largest invariant subset is

M = {x0},

and LaSalle’s Invariance Principle guarantees that every trajectory
converges asymptotically to Xy within the convex region where E (x)
is locally strongly convex. Although LaSalle’s theorem is classically
stated for compact state spaces, the result can be extended to the
entire R™ if the energy function satisfies the coercivity assumption

(©):
E(x) > oas || x ||l> oo.

This property ensures that all trajectories, regardless of their
initial condition, ultimately enter and remain within some bounded
sublevel set

Le={xeR"|E(x)<c}, (41)
which is compact due to coercivity.

Within such compact subsets, all the assumptions of LaSalle’s
theorem are satisfied, and the convergence result derived inside L,
extends to all trajectories. Consequently, under Assumption (U)
(Uniform Strong Convexity) and Assumption (C) (Coercivity), the
following global result holds:

Global asymptotic convergence:

Every trajectory of the gradient-flow system % = —VE(x)
converges to the unique equilibrium Xp, which minimizes E(x)

globally.

This argument connects the compact-set version of LaSalle’s
theorem with the global asymptotic stability of the energy-
minimizing configuration, thereby completing the proof of
spontaneous structural stabilization governed by the energy-
minimization principle.

Footnote:
Note 5: The invariance argument remains consistent
with  the nonlinear  energy  structure  defined by

A(x) = Zj(aijxj +¢ix?8;;) + b Under the self-nonlinearity

assumption (Cij =0 for i # j), the gradient flow % = —VE(x)
preserves the diagonal-dominant curvature structure established in
Section 3.2, ensuring that the LaSalle invariant set M consists solely
of the global minimizer x.

Influence and stability of non-linear terms

The influence of the nonlinear terms c;;x? and the associated
constraints imposed by Condition 7 and the diagonal-dominance
criterion established in Section 3.2 are essential for maintaining
overall system stability. Our analysis shows that when these
coeflicients satisfy the stated bounds, their effects remain sufficiently
small so as not to disrupt the convexity, stability, and convergence
properties determined by the quadratic structure of the energy
function E (x).

To quantify this influence, we perform a Taylor expansion of
E(x) around the unique equilibrium x:

E(x) = E(xo) + VE (x0) (x — x0) +§(x — x0)TH(x)(x — x0) + 0( x = %0 I®)  (42)

At the unique global minimum X, we have VE (x,) = 0. Because
H(x,) is strictly positive definite, the dominant contribution to the
energy variation near Xg is quadratic, corresponding to the second-
order term.

The nonlinear terms ¢;;x7(with ¢;; =0 for i # j) contribute
only to the higher-order components O(ll x — x, II*) in this
expansion. Therefore, their relative influence on the local curvature
of the energy surface is small compared with the quadratic term that
governs local stability.

Formally, there exists a neighborhood NV (x,) € R™ such that:
100 x = xo IF) 1< 5 (x = X0)"H (x) (x = o), (43)

ensuring that the local energy landscape remains convex
and that trajectories governed by the gradient flow * = —VE(x)
monotonically approach X.

By Taylor’s theorem, there exists a point ¢ € (x4,x) such
that E®) = E(x) + Pi x0)TH (%) (x = x0) + gVﬁE(f)[x -x%P, If the third
derivative satisfies || V2E(£) II< M, then the higher-order remainder
can be bounded as | 0(ll x — x, 11%) I< < X =% 113

Under Condition 7, M remains finite and sufficiently smaller
than the smallest eigenvalue of H(x,), ensuring that the cubic
term does not affect either convexity or convergence. Outside this
local neighborhood, higher-order nonlinear effects may slightly
deform the energy landscape; however, the global Lyapunov analysis
developed in Section 3.3 guarantees that these deformations cannot
generate additional attractors or destabilize the unique equilibrium.
This bounded-nonlinearity assumption provides a quantitative
justification for treating nonlinear terms as perturbative corrections
that preserve convexity and global convergence. Hence, moderate
nonlinearities can coexist with robust convergence, allowing for
complex yet stable self-organizing behavior without compromising
the uniqueness of the equilibrium.

Consequently, the system remains asymptotically stable, and
all trajectories converge to the unique energy-minimizing state X.
Through the combined application of the Lyapunov function,
LaSalle’s Invariance Principle, and the boundedness of nonlinear
contributions, a rigorous proof of global convergence is obtained.
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Integration into the generalized framework

Figure 2 illustrates the transition from linear to nonlinear
energy landscapes developed in this chapter for the nonlinear case,
where quadratic nonlinearities are incorporated into the interaction
functions A;(x).

'The proof begins with the generalized energy function:
EG) =5 XL, kilAi) = Awl?, (44)

followed by the verification of the strictly positive definiteness
of the Hessian matrix H(x) using Gershgorin’s Circle Theorem and
the application of Condition 7, which constrains the nonlinear
coefficients ¢ to preserve convexity and diagonal dominance.

These conditions jointly ensure the strict convexity of E (x) and
the existence of a unique global minimum x,. The introduction of the
Lyapunov function V(x) = E(x) — E(x,), together with LaSalle’s
Invariance Principle, rigorously establishes that all trajectories in
the state space monotonically converge to x,. Thus, the logical
progression of the proof demonstrates that even in systems governed
by nonlinear interactions, both global stability and the spontaneous
emergence of a unique stable structure are universally guaranteed
through the principle of energy minimization.

Footnote:

Note 6: The restriction ¢;j =0 for i #j ensures that all
nonlinear contributions are self-interaction terms cux?, preserving
the symmetry and diagonal dominance of the Hessian H(x). This
diagonal structure prevents cross-coupled instabilities, allowing
the Lyapunov and LaSalle analyses to remain valid globally. The
resulting energy-minimizing equilibrium x4 is thus guaranteed to
be unique, stable, and physically interpretable as the self-organized
configuration of the system.

4. Discussions

4.1 Interpretation of 'structure' in the context of ODE
systems

In this study, the term “structure formation” refers to the
spontaneous emergence and temporal persistence of a specific
configuration of interacting state variables. Mathematically, this
phenomenon corresponds to the convergence of the system’s
dynamics toward a unique, globally stable equilibrium point—the
energy minimum ¥, derived in Section 3.3. This equilibrium point
represents a coherent onfiguration of all interacting components that
remains robust against small perturbations and exhibits long-term
stability under the system’s intrinsic dynamics. This interpretation
of “structure” emphasizes the temporal stability of an organized
state in the phase space, rather than its explicit spatial distribution
or geometric form. In biological systems, such a structure could
correspond to a differentiated cell phenotype haracterized by a
stable gene-expression profile, or to a protein complex with fixed
stoichiometry and conformation. In materials science, it may
represent a thermodynamically stable crystalline phase or a particular
molecular arrangement achieved through energetic relaxation. The
key contribution of this theoretical framework lies in identifying
the conditions under which such stable configurations emerge
spontancously from the intrinsic interactions of the system—
without requiring external constraints or spatial coupling. While
the present formulation does not directly address heterogeneous
spatial distributions, it provides a foundational mechanism for
local stability, which is a prerequisite for the formation of spatially
organized patterns. Any self-organized spatial pattern, such as a
Turing pattern or phase-separated domain, must be composed of
stable local states that maintain internal equilibrium. Our framework
rigorously defines how these stable local equilibria (x,) arise from
nonlinear interactions governed by the energy-minimization

( Nonlinear interaction functions A, )
Define the system

J

The energy function E(x) form
a strongly convex potential (U)

( Gershgorin’s theorem
guarantees the Hessian V2E(x)
L positive definite )
~N

é The Lyapunov function
function V(x) = E(x) — E(xp)
establish negative semi-
definiteness

e ™
LaSalle’s invariance principle (C)
implies asymptotic convergence
to the equilibrium xg

J

Figure 2. Transition from linear to nonlinear energy landscapes. Comparison of linear (quadratic) and nonlinear potential surfaces. The diagram
highlights how nonlinear self-interaction terms modify curvature and may generate local convex regions within a globally stable landscape.
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principle. Extending this ODE-based approach to spatially extended
systems would involve introducing diffusive or advective transport
terms, thereby transitioning from a temporal to a spatiotemporal
framework. Our definition of “structure” as a stable equilibrium
configuration of variables thus represents a mathematical abstraction
of an organized state. Although the ODE system does not explicitly
encode geometry or spatial gradients, the equilibrium x, can be
interpreted as the local property or state that each element of a more
complex physical or biological system tends to adopt. For example,
in a population of interacting cells, X, may represent a stable
phenotypic attractor of an individual cell. When such cells interact
through diffusion or signaling, these local attractors can collectively
give rise to macroscopic spatial patterns. Therefore, omitting explicit
spatial modeling at this stage is a deliberate theoretical choice—it
allows for the establishment of the fundamental temporal stability
mechanisms that underlie self-organization before introducing
additional layers of spatial complexity. This framework thus provides
a universal energetic foundation for understanding how systems
composed of multiple interacting elements evolve toward stable, self-
maintaining configurations.

It serves as a versatile analytical tool that can later be extended
to diverse physical contexts, such as morphogenesis, material self-
assembly, or chemical pattern formation. Figure 3 schematically
illustrates the assembly of a lipid bilayer under the proposed energy-
minimization framework, demonstrating how local interactions
spontaneously give rise to a globally stable configuration.

4.2 Connection to spatial pattern formation

The analysis developed in this study, based on an ordinary
differential equation (ODE) framework, reveals how stable
equilibrium configurations can spontaneously emerge through
internal energy minimization. In this sense, a “structure” corresponds
to a time-invariant configuration of interacting components—that
is, a fixed point in state space determined by the system’s intrinsic
nonlinear couplings.

This local stability is mathematically ensured by the strictly
positive definiteness of the Hessian matrix H(x,), which guarantees
that any small perturbation around x, decays over time. Although

S
P

Aggregate

Dispersed lipid
components

“

the present framework does not include explicit spatial derivatives
or diffusion, its conclusions have profound implications for spatial
pattern formation in extended systems described by reaction—
diffusion equations (PDEs). In such systems, local dynamics
(governed by ODE-like interactions) are coupled through spatial
transport, giving rise to emergent macroscopic patterns. The stable
equilibria identified in our ODE model correspond to the local
steady states that individual “cells” or “units” may adopt within a
larger spatial domain. The diagonal-dominance and strictly positive
definiteness conditions established here thus ensure that each local
unit remains stable while interacting diffusively with its neighbors—a
necessary condition for the emergence of coherent spatial order.
Future work will extend this framework to incorporate diffusion and
stochasticity, thereby bridging the gap between temporal stability
and spatial self-organization. Specifically, introducing diffusion
terms into the gradient-flow system, g—f = —VE(x) + DV2x, will enable
investigation of how local minima x, interact across space to form
spatially heterogeneous steady states.

Similarly, incorporating stochastic perturbations within a
stochastic differential equation (SDE) framework can clarify how
noise influences the robustness and transition dynamics of these
stable structures. Thus, the present deterministic ODE framework
should be regarded as a foundational energetic model—a minimal
yet rigorous description of self-stabilizing behavior. Its principles
can be generalized to describe reaction—diffusion systems, pattern
formation, and multiscale self-organization, where stable local
equilibria form the elementary building blocks of spatially ordered
phenomena. These directions represent promising avenues for future
theoretical and computational research that aim to unify energetic
stability, spatial coupling, and stochastic effects within a single
comprehensive framework.

5. Theoretical Insights into the Emergence of
Biological Structures

This chapter explores the practical and biological implications
of the theoretical framework established in this study, which
mathematically demonstrates how stable structures emerge in
systems governed by multiple interacting forces. Building directly

Lipid bilayer

V(x) = E(x) — E(xo)

Figure 3. Multiscale coupling and hierarchical stability pathways.
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upon the results of Chapters 2 and 3, we extend the abstract
theory of energy minimization and convex stability to a biological
context—specifically, to the self-organization of membranes in oil-
water systems and the formation of lipid bilayers, the fundamental
structural basis of cell membranes. We aim to show that the
principles of energy minimization, convexity, and global convergence
toward a unique equilibrium x, provide the universal mathematical
foundation for these self-assembling biological systems.

5.1 The general nature of spontaneous structure formation

As rigorously derived in Chapters 2 and 3, systems governed by
the gradient-flow dynamics X = —VE(x), converge toward a unique,
globally stable equilibrium point x when the Hessian matrix H(x)
of the energy function E(x) is strictly positive definite and satisfies
the diagonal-dominance condition (Condition 7). This convergence
mechanism represents a universal principle of self-organization: the
internal interactions among system components collectively generate
an energy landscape whose minima correspond to stable, organized
configurations. This insight captures a phenomenon widely observed
across physics, chemistry, and biology—namely, that the nonlinear,
collective interplay of individual components can autonomously
produce ordered, predictable structures, transcending the simple
summation of independent behaviors. The energy-gradient
formulation thus provides a unifying explanation for why stable
equilibrium configurations (or “structures”) emerge spontaneously
without external control. The subsequent sections demonstrate how
this general principle applies directly to membrane formation, one
of the most fundamental examples of biological self-organization.

5.2 A Detailed theoretical interpretation for membrane-like
structure formation: application to the lipid bilayer

The lipid bilayer represents the universal structural foundation
of biological membranes, accounting for their selective permeability,
flexibility, and self-healing properties essential for life [17,18]. From
Overton’s early observations on lipid solubility [19], to Gorter
and Grendel’s [20] experimental confirmation of a bilayer, and
Stoeckenius’s electron microscopy revealing the trilaminar membrane
[21], the spontancous self-assembly of amphiphilic molecules into
bilayers has been firmly established as a thermodynamic inevitability.
This process is also recognized as a crucial step in the origin of
protocells [22,23].

Our theoretical framework provides an abstract yet rigorous
mathematical model to interpret this process as energy minimization
and convergence to a unique stable equilibrium. Although the
actual bilayer involves spatial and interfacial phenomena, our
ODE formulation describes the thermodynamic compositional
equilibrium that precedes and governs spatial organization.

5.2.1 Defining "structure" in the context of lipid bilayers:
Within our framework, “structure” is defined as the unique stable
equilibrium point x, to which the system’s state vector x(t)
converges under gradient dynamics. In the context of lipid assembly,
X represents the stable compositional configuration achieved when
the competing molecular forces—hydrophobic, electrostatic, and
steric—reach dynamic equilibrium. This corresponds physically to
the self-assembled lipid bilayer, with hydrophobic tails facing inward
and hydrophilic heads exposed to the aqueous phase. Thus, the
lipid bilayer exemplifies a stable attractor in the energy landscape,
consistent with the mathematical results of Chapter 3.

5.2.2 Modeling the lipid bilayer as a stable energy minimum:
mapping physical interactions to model parameters: To link
physical interactions with the mathematical model, we define a
simplified yet representative state vector = (xy,x,)T, where

o x;: degree of lipid aggregation (fraction of monomers
forming bilayer assemblies),

o x,: degree of molecular alignment and orientation within

the aggregated phase.

The system evolves according to % = —VE(x), where E(x)
represents the Gibbs free energy of the system.

For this case, we extend the general energy function introduced
in Chapter 3 to include both self- and cross-nonlinear terms:

1
E@) =13, kexf + ZM{ ajpxxg + zjk Cirxj xR (45)

Unlike the analytically constrained form in Chapter 3 (where
only c;; # 0), here ¢j terms (with j # k) are conceptually included
to capture cooperative nonlinearities—a realistic feature of lipid
aggregation.

The coefficients in Eq.(45) correspond to distinct physical
effects:

o ky: self-interaction coefficients (intrinsic stiffness),

penalizing deviations from equilibrium;

o ay linear cross-couplings (hydrophobic and interfacial

interactions) that drive and molecular

orientation;

aggregation

o ¢ :nonlinearcooperative terms accounting for concentration
thresholds (e.g., critical micelle concentration) and steric
repulsion at high packing density.

Minimization of E(x) leads the system to a thermodynamically
optimal state X, in which aggregation and alignment reach a stable
balance—corresponding to a stable bilayer configuration.

Footnote:

Note 7: For clarity, all nonlinear coefficients are denoted c;;,
representing  self-nonlinearity. When needed for general index
expressions, one may equivalently write ¢;, with the convention
cik = 0 for i # k. This maintains full consistency with the assumption
introduced in Chapter 3.

5.2.3 Mathematical proof of structural stability: The lipid
bilayer as a "structure": The spontaneous formation of lipid bilayers
provides a representative example of how the proposed energy-
minimization framework explains the emergence of stable structures
in multi-component physical systems. In aqueous environments,
amphiphilic molecules, such as phospholipids, self-assemble into
bilayer membranes without external control. This process can be
interpreted as a natural relaxation toward a global energy minimum,
where hydrophobic interactions, van der Waals forces, and entropic
effects collectively determine the final equilibrium configuration. The
proposed energy-minimization model describes this self-assembly as
the descent of a dynamical system governed by an energy function
E (x), where each variable x; represents a structural degree of freedom
such as molecular orientation, local packing density, or surface
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curvature. When the total energy function E(x) is minimized,
all intermolecular forces—including hydrophobic, electrostatic,
and entropic contributions—reach a balanced configuration that
corresponds to a stable bilayer state. This equilibrium point x, defines
a unique compositional configuration in which the molecular system
attains its lowest possible energy under the given physical constraints.
Within the parameter range where the uniform strong convexity
assumption (U) holds, the energy landscape remains globally convex,
guaranteeing the uniqueness of this equilibrium. This restriction
clarifies that the uniqueness claim applies only within the convex
regime, consistent with the model’s physical validity range. Outside
this regime, where the curvature of E (x) may lose uniform positivity,
multiple metastable configurations can emerge—corresponding, for
example, to micelles or vesicular intermediates. Thus, the strong
convexity assumption delineates the thermodynamic range within
which the bilayer structure remains the unique global minimizer of
the system’s free energy. Under these conditions, the gradient flow
dynamics x = —VE(x), guarantee monotonic convergence toward
%o- The Lyapunov function V(x) = E(x) — E(x,) decreases strictly
along all trajectories, confirming asymptotic stability. Physically,
this means that small perturbations to the bilayer—such as local
fluctuations in lipid orientation or molecular displacement—
will relax spontaneously back to the equilibrium configuration,
restoring the structural integrity of the membrane. This theoretical
perspective reproduces the experimentally observed stability of lipid
bilayers, where once formed, membranes exhibit high resilience to
thermal and mechanical disturbances. The bilayer thus represents a
self-organized structure emerging from the intrinsic minimization
of total system energy, requiring no external control. In this way,
the model provides a rigorous mathematical foundation for
understanding how spontaneous structural stabilization arises from
the coupled interactions among molecular components, unifying
thermodynamic intuition with dynamical-systems theory.

5.2.4 The lipid bilayer as a "structure" defined by this theory:

From the above analysis, three key conclusions follow:
1. Definition of the bilayer as a structure

'The lipid bilayer corresponds to the stable equilibrium x of the
system, representing the spontanecous organization of amphiphilic
molecules into a minimal-energy configuration. This equilibrium is
not merely a metastable aggregate but a provably stable structure
arising from the convexity of E (x).

2. Driving forces of formation

The bilayer emerges from the interplay of hydrophobic
attraction, interfacial tension minimization, and steric repulsion.

These forces collectively act to minimize E(x), leading to
autonomous self-assembly—a process that can be regarded as
thermodynamically inevitable under the given physical constraints.

3. Mathematical guarantee of stability
The equilibrium x, satisfies both VE(x) =0 and H(x,) > 0.

By Condition 7, the convexity is preserved even under nonlinear
perturbations cj, ensuring robustness against fluctuations. This
provides a rigorous mathematical basis for the stability and
persistence of lipid membranes, as observed empirically in biological
and prebiotic systems.

5.3 Limitations and future directions

While the proposed ODE-based framework provides a universal
foundation for the temporal convergence of interacting systems to
stable configurations, it does not explicitly describe spatial structure
or thermal noise.

However, these limitations define clear and fertile directions for
future work:

1. Spatial Extension (ODE — PDE): By integrating diffusion
or advection terms into the energy-gradient formulation,
Z—’;= —VE(x) + DV2x, the model can be extended to describe

reaction—diffusion or phase-field systems, bridging temporal

and spatial self-organization.

2. Higher-order nonlinearities: Introducing cubic or threshold-
type nonlinearities can capture multistability and oscillatory
dynamics, extending the model to phenomena such as excitable
media or biochemical oscillations.

3. Anisotropy constraints:

direction-dependent interactions and boundary conditions

and geometric Incorporating
will allow the model to represent membrane curvature, domain
formation, and morphogenetic growth.

4. Stochastic extensions: Expanding to stochastic differential
equations (SDEs) can quantify the role of noise, molecular
discreteness, and thermal fluctuations in initiating or stabilizing
self-assembly. These extensions build directly upon the
convexity and Lyapunov stability conditions derived in Chapter
3, translating temporal stability into spatial and stochastic
domains. Through such developments, the framework may
evolve into a comprehensive mathematical theory of self-
organization, capable of explaining and predicting structure
formation across physical, chemical, and biological systems.

5.4 Implications for neural morphogenesis and patterning

Figure 4 illustrates, across three conceptual panels, how neuronal
morphogenesis can be interpreted as the descent of a dynamical
system along an energy landscape shaped by multiple competing
cues. In panel A, an axon extends from the neuronal soma within a
field of attractive (blue) and repulsive (red) guidance signals. These
cues define an effective potential landscape E(x): attractants form
valleys that lower local energy, whereas repellents create hills that
raise it. In panel B, the growth cone follows the composite gradient
of this potential, performing a local energetic descent toward the
minimum point xy. As derived in Egs. (34)—(39) of Chapter 3, the
Lyapunov function V(x) = E(x) — E(x,) decreases monotonically
over time (V(x)=—/VE(x)/? <0) guaranteeing convergence to
this stable configuration. In panel C, a balance between attractive
and repulsive forces yields a self-organized neural architecture
characterized by stable axonal trajectories, dendritic arborization,
and coherent spatial patterning. Together, these panels provide a
physical-morphogenetic interpretation of neural development:
neural connectivity arises spontaneously—without centralized
control—from the minimization of energy under multiple
interacting constraints. This mirrors the broader thermodynamic
principle that biological systems evolve by minimizing free energy
to attain stable internal states, as articulated in Friston’s Free Energy
Principle [24]. While Friston’s “free energy” refers to an informational
variational quantity, the present energy E(x) represents a physical
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Figure 4. Application to spontaneous structure formation in complex systems. Representative examples of emergent structures (e.g., lipid
bilayer formation or pattern self-organization) interpreted through the proposed energy-minimization framework. Each configuration corresponds

to a stable equilibrium on the derived energy surface.

potential governing morphogenetic dynamics; both share the same
descent mechanism but differ in domain and scale. The energetic-
minimization framework developed in this study thus provides
a unified theoretical foundation for understanding not only
physical and chemical self-organization but also the spontaneous
emergence of neural architecture—where pattern and connectivity
naturally arise from energy-constrained dynamics. Hence, the
same minimization principle that explains molecular self-assembly
(Section 5.2) also extends hierarchically to neuronal morphogenesis,
suggesting a universal energetic law governing biological structure
formation across scales. The energetic-minimization principle
offers a consistent explanation for neural morphogenesis—from
axon guidance to network-level patterning—within the same
mathematical framework.

Classical observations by Ramén y Cajal [25] established that
neuronal morphology reflects both intrinsic growth tendencies and
environmental constraints. Later, Goodhill [26] formalized these
processes using diffusion-based guidance fields, and van Ooyen
[27] extended them to network dynamics, showing that collective
neuronal growth can be modeled as energy-based optimization.
Each growth cone, responding to local gradients of attractants
and repellents, effectively performs a gradient descent along a
multidimensional energy surface, converging to a stable equilibrium
architecture xo. A striking parallel thus emerges between this
morphogenetic framework and Friston’s variational free-energy
theory: both describe systems that evolve by reducing energetic or
informational uncertainty, converging toward self-consistent, stable
configurations. The present framework, however, grounds this
principle in physical morphogenesis, showing that even at subcellular
scales, energy minimization alone can generate ordered neural
structures. In summary, neural development and patterning emerge
naturally—as physical realizations of energy minimization under
multiple interacting constraints—unifying molecular, cellular, and
cognitive levels of organization within a single theoretical landscape.

Conclusion

This study has established a rigorous theoretical framework for
the spontaneous formation of stable structures in nonlinear systems
through the principle of energy minimization. Building upon the
linear model introduced in Chapter 2, the framework was extended
to include quadratic nonlinearities of the form ¢;;x7, while preserving
analytical tractability and physical interpretability. The resulting
nonlinear energy function E(x) was demonstrated to possess a
unique global minimum X, toward which all trajectories converge
asymptotically under gradient-flow dynamics. Through systematic
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derivations in Sections 3.2-3.3, it was shown that the Hessian
matrix H(x) = V2E(x) remains strictly positive definite when the
nonlinear coefficients ¢;; satisfy the diagonal-dominance constraint
(Condition 7). This guarantees the strict convexity of the energy
function and thereby ensures the local strong convexity of E(x) in
the neighborhood of Xo. Under additional assumptions of Uniform
Strong Convexity (U) and Coercivity (C), the convexity extends
globally, proving that E(x) admits a unique global minimizer.
By defining the Lyapunov function V(x) = E(x) — E(x,), it was
proven (Sections 3.3.1-3.3.3) that V(x) is strictly positive definite
and that its time derivative satisfies V(x) < 0. Applying LaSalle’s
Invariance Principle, every trajectory governed by the gradient-flow
system x = —VE(x) converges to the invariant set where VE(x) = 0,
which—due to the strong convexity of E (x)—consists solely of the
equilibrium point Xo. Thus, the system exhibits global asymptotic
stability, with all trajectories monotonically approaching the unique
energy-minimizing configuration. The influence of the nonlinear
terms c;;x7 was further analyzed in the section Influence and Stability
of Non-Linear Terms.

A Taylor expansion around the equilibrium point X revealed
that these nonlinearities contribute only to higher-order terms
O(ll x — xo I®), which remain bounded within the convex energy
landscape. When the coeflicients ¢;; satisfy Condition 7, these
higher-order corrections are small enough not to alter the positive
curvature governed by the quadratic term, ensuring that convexity
and convergence are preserved. This bounded nonlinearity
framework, as discussed in Influence and Stability of Non-Linear
Terms, quantitatively explains how moderate nonlinear effects can
coexist with global stability—enabling complex yet self-organizing
behavior without compromising the uniqueness of the equilibrium.
In summary, this work provides a unified and mathematically
rigorous proof that:

1. Energy minimization governs the spontaneous stabilization of
nonlinear systems;

2. Diagonal dominance and self-nonlinearity bounds ensure the
convexity of the energy landscape; and

3. Lyapunov stability and LaSalle’s

convergence toward the unique global equilibrium.

invariance = guarantee

These findings bridge local convexity analysis and global
convergence theory, demonstrating that even in the presence of
nonlinear self-interactions, a system governed by energy minimization
inevitably evolves toward a single, stable, self-organized structure.
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